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Lyapunov Stability
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Quadratic Stability

Dynamical system
T = Az,

is quadratically stable if .
IV(x) >0, V <O0.

Let V(z) =2"Pz, PeSt, (P=P">0)
Therefore,
V(z) = &T Pz + 2T Pi
=2l ATPx 4+ 2T PAx
=27 (ATP + PA) T

Therefore

V<0 = 2" (ATP+PA)2<0 = ATP+PA<O.
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Lyapunov Stability
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Lyapunov Equation

We can write

ATP+PA<O
as
ATP+PA+Q =0
for Q = QT > 0.
Interpretation

For linear system @ = Az, if V(z) = 27 Pz,

V(z) = iT Pz + 2T Pi

= (Az)" Pz + 27 P(Ax)
= —xTQ:E.
If V(z) = 27 Px is generalized energy, V = —z7Qx is generalized dissipation.
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Lyapunov Stability
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Stability Condition

If P>0,Q >0, then & = Az
m is globally asymptotically stable
m R)\(A) <0
Note that for P = PT > 0, eigenvalues are real

= Amin(P) 2Te <2'Px< Amax(P) 2Tz
— V=—2"TQz< —)\min(Q)me

min(Q)

A
< — 3 2! Px

max(P)
= —aV(x)
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Lyapunov Integral
If A is stable, then
P = / etATQetAdt, for any Q = Q7 > 0.
0

Proof:
Substitute it in LHS of Lyapunov equation to get,

ATP 4+ PA = / (ATetAT QetA + etATQetAA> dt,
0

> (d tAT ~ tA
= — dt

T [o@)
oA QetA’O 7

- Q.
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Lyapunov Stability
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Computation of |||,

Recall

[e.e]
l|2||3 :—/ Tz dt.
0

2 > T
1236 ::/ T Qu dt.
0

Define weighted norm as

If z(t) is solution of & = Az,
x(t) == .

Substituting we get,

[ee]
lelfq = [ abet" Qettar

= ngxo assuming A is stable

Cost-to-go interpretation
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LQR Formulation
(o] le}

Linear Quadratic Regulator

Problem Statement

Given system
&= Ax + Bu, y=Cx+ Du.
Determine u*(t) that solves

min ||y||2 with z(0) = xg.
u(t)

Or

minJ::/ yly dt
u(t) 0

o0
= / (arTCTC:L‘ +27C"Du+u' DT Cx + uTDTDu) dt
0

= / (xTCTCx + uTDTDu) dt.
0
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LQR Formulation
[e]e] }

Linear Quadratic Regulator

Solution as Optimal Control Problem

u

min/ (2"Qx +u"Ru)dt, Q=Q" >0,R=R">0
0
subject to

T = Ax + Bu,
z(0) = xo.

m Euler Lagrange Equations

m Hamilton-Jacobi-Bellman Equation — Dynamic Programming
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Linear Quadratic Regulator

Solution as Optimal Control Problem — EL Formulation

T
min/ L(z, u)dt + ®(x(T)), subject to & = (. ).
v Jo

Define H = L+ \T'f.

Euler-Lagrange Equations

H, =0 AN = _—H, MT) = ¢o(2(T))

Our Problem

u

T
min/ (2" Qz + u” Ru) dt, subject to & = Az + Bu.
0

Define H = 27 Qx +u” Ru + AT (Az + Bu).
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Linear Quadratic Regulator

Solution as Optimal Control Problem — EL Formulation

Our Problem

1 T
min 5 / (2" Qz + u” Ru) dt, subject to & = Az + Bu.
0

u

Define H = 1 (27 Qz + u” Ru) + AT (Az + Bu).

EL Equations
(1) H,=0 = uw'R+\'B=0 —= uw=-R BT\
(2) M=_H,=—-2TQ- T4

(3) AT) = 0.
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Linear Quadratic Regulator

Solution as Optimal Control Problem — EL Formulation

Let A(t) = P(t)z(t)
— \= Pz + Pi
= Pz + P(Az + Bu),
= Pz + P(Az — BR™'B” Px),
= (P+ PA—-PBR'BTP)z.
From EL(2) we get
A=—-Qz—ATPz
— (P+PA+ATP - PBR'BTP+Q)z=0
— P+ PA+ ATP — PBR™'BTP + @ = 0. Riccati Differential Equation
In the steady-state 7" — oo, pP= 0,
PA+ ATP — PBR'BTP + Q = 0. Algebraic Riccati Equation
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Linear Quadratic Regulator

Solution as Optimal Control Problem — EL Formulation

1 [ee]
min 3 / (mTQa: + uTRu) dt, subject to © = Ax + Bu.
0

u

is equivalent to

PA+ AP - PBR'BTP+Q =0,
u=—-R'B"P.
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Hamilton-Jacobi-Bellman
Formulation



Hamilton-Jacobi-Bellman Approach

Let

V*(z(t)) = r[nin);/ (2T Qx + u” Ru)dt
u|t,00 t

subject to

T = Az + Bu.
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Hamilton-Jacobi-Bellman Approach

contd.

V*(x(t)) = r[nin);/ (" Qx + u” Ru)dt
u{t,00 t

t+At 1
= min {/ ~ (2T Qz + uT Ru)dt + V* (x(t + At))}
ult,t+A | Jy 2

Let V() := 27 Pz, therefore,

Vi) = min {5 @"Qu +u Ru)At 4V (a(1)) +

2
(Az 4+ Bu)T PxAt 4 27 P(Ax + Bu)At + H.O.T}
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Hamilton-Jacobi-Bellman Approach

contd.

1
—> min {f(xTQx +uT Ru) + (Az + Bu)T Px+
uft,t+At] L2

2T P(Az + Bu) + H.O.T} = 0.

. Lo T
Aliglo = muln{i(x Qz + v Ru)+

(Az + Bu)T Pz + 2" P(Ax + Bu)} =0

Quadratic in u,

— u*=-R'BTPz.

Optimal controller is state-feedback.
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Variational Approach
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Variational Approach

Given dynamics

& = Ax + Bu,
with controller uw = Kz, find K that minimizes
1 o0 1 [o.¢]
= / (2T Qx + u? Ru)dt = 5 / 27(Q + KTRK)xdt.
0 0

The closed-loop dynamics is
&= Ax+ Bu=(A+ BK)x = A.z.

The solution is therefore,
z(t) = et ey,

The cost function is therefore,

1 o 1
J = img </0 etA“T(Q + KTRK)etACdt> Lo = §$gp$0‘
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Variational Approach
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Variational Approach

contd.

Apply the following ‘trick’

/ ietAcT(Q + KTRK)etedt =
o dt
AT ( / e (Q + KTRK)etACdt)
0
+ < / e (Q + KTRK)etACdt) A,
0
[etACT(Q_i_KTRK)etAC}ZO — AP+ PA,
AP+ PA.+Q+ K'RK =0,

(A+BK)"P+ P(A+BK)+Q+ K'RK = 0.
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Variational Approach
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Variational Approach

contd.

The optimal cost is therefore,

*_1T* aJ o
J —ia:OPxoza—PP*_

m Variation 6P from P* should result in 6J =0
1
mlet P=P*+ 0P, = J=3alPrag+ §a:OT§Px0

—
0J

méJ=0 = 0P=0
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Variational Approach
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Variational Approach

contd.
Substitute P = P* 4+ 0P, and K = K* 4+ 0K in the equality constraint

(A+BK)'P+ P(A+BK)+Q+ K'RK =0,
to get,
(A+ B(K* 4+ 0K))'(P* + 6P) + (P* + 0P)(A+ B(K* + 6K))
+Q+ (K*+0K)TR(K* +0K) =0,

or

(A+ BK*)TP* + P*(A+ BK*) + Q + K* RK*+
SP(A+ BK*) + ()T + 6KT (BT P* + RK*) + ()T
+ HO.T =0.

= K*=-R'B'P~.
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Convex Optimization
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Problem Formulation

Find gain K such that ©u = Kz minimizes

o
/ (2T Qz + u” Ru)dt,
0
subject to dynamics
& = Ax + Bu,
and
z(0) = xo.
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An Upper Bound on the Cost-to-go
If 3V (z) > 0 such that
av
2 <
dt —
Integrating from [0, T'], gives us

T T
/ d—vdt < — / (2T Qz + u” Ru)dt,
0 0

(2T Qz + u” Ru).

dt
or

T
V(a(T)) - V(2(0)) < — /0 (" Qu + uT Ru)d.

Since V(z(T')) > 0 for any T

T
eV ((0) < — /0 (27 Qx + uT Ru)dt,
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o Convex Optimization
50C [ 0000 000800

Lyapunov Stability LQR Formulation

An Upper Bound on the Cost-to-go

Since V(z(T")) > 0 for any T

T
s V(@(0) < - /0 (7 Qu + uT Ru)dt,

or
V(x(0)) 2/ (2T Qz + uT Ru)dt.
0

Sufficient condition for upper-bound on cost-to-go.

If 3V (x) > 0 such that
dv

Idea:
Minimize upper-bound to get optimal K.
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Lya v Stability LQR Formulation grange 3 ional Approach Convex Optimization
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Optimization Problem
Find P = PT > 0 and K such that with V := 27 Pz,

. _ T .
1’}1)11[1(1 V(ZL’(O)) = (L‘(O) P(L‘(O) Cost Function

subject to
V< *IT(Q + KTRK)$ Constraint Function

Or equivalently

min tr P

)

subject to
(A+BK)"P+ P(A+BK)+Q+ K'RK <0.
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Convex Optimization
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Optimization Problem

min tr P
P,K

subject to

(A+BK)'P+ P(A+BK)+Q+K"RK <0.

Learn about Linear Matrix Inequalities
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