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Uncertainty in Models

No mathematical system can exactly model a physical system

m Must analyze how modeling errors affect performance of
control system

m Basic technique is to characterize family of plants P

m Design controller that achieves performance for all P € P
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Plant Uncertainty
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Uncertainty in Models

No mathematical system can exactly model a physical system

m Must analyze how modeling errors affect performance of
control system

m Basic technique is to characterize family of plants P

m Design controller that achieves performance for all P € P

Kinds of uncertainty considered in this lecture

m Unstructured uncertainty — unmodeled dynamics, high
frequency modes, etc

m Structured uncertainty — parametric variation or discrete set of
plants
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Plant Uncertainty
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Unstructured Uncertainty in Models

We represent P as a disk about nominal Py(jw) with radius
Wa(jw)A(jw)
m Ws(jw) is frequency dependent uncertainty profile — models
gain uncertainty

m ||A(jw)|s < 1, models phase uncertainty and also a scaling
factor
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P:P:P:(1+AW2)PO.
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Plant Uncertainty
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Unstructured Uncertainty in Models

We represent P as a disk about nominal Py(jw) with radius
Wa(jw)A(jw)
m Ws(jw) is frequency dependent uncertainty profile — models
gain uncertainty

m ||A(jw)|s < 1, models phase uncertainty and also a scaling
factor

Set P is therefore defined by
P:P:P:(1+AW2)PO.

Assumptions
m Ws(jw) is fixed stable transfer function
m A(jw) is variable stable transfer function with ||A(jw)||eo < 1

m No unstable poles of Py are cancelled in forming P — i.e. they
both have same unstable poles
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Plant Uncertainty
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Unstructured Uncertainty in Models

Block Diagram Representation

Set P:=P: P = (1+ AW,)F, is equivalent to

Ajw)Wa(jw)

u Py(jw)
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Unstructured Uncertainty in Models

W, represents percentage error

With P defined as
P =(1+ AW,)P,

Implies

P—Dy
Py

= AWs.
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Plant Uncertainty
[e]e]e]e] Tele]

Unstructured Uncertainty in Models

W, represents percentage error

With P defined as
P =(1+ AW,)P,

Implies
P- PR
= AW,.
Py ’
With [|A(jw)]lee < 1
P(jw) — Po(jw) ,
. < W2 JW) I, Vw.
Folio) [Wa(jw)
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Unstructured Uncertainty in Models

W, represents percentage error

With P defined as
P =(1+ AW,)P,
Implies
P—- P
Py

= AWs.
With [|A(jw)]lee < 1

P(jw) — Py(jw)
Py(jw)

< [Wa(jw)|, Vw.

Inequality defines a disk in the complex plane, centered at 1.
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Unstructured Uncertainty in Models

How to get W,

m Obtain frequency-response from experiments

m Fit a nominal (average) plant
m Determine W, so that P captures all the frequency responses

Bode Diagram

Magnitude (dB)
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Unstructured Uncertainty in Models

Disk Uncertainty

Also known as multiplicative uncertainty

Advantages

m Simple — simplifies analysis

m Can say some fairly precise things
Disadvantages

m Conservative
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Unstructured Uncertainty in Models

Disk Uncertainty
Also known as multiplicative uncertainty

Advantages

m Simple — simplifies analysis

m Can say some fairly precise things
Disadvantages

m Conservative

Other forms of unstructured uncertainty
P:{PP:P()—I—AWQ}

Py
= :Pzi
P={F 1+AW2P0}
Py
={P:P=—r——
P=A 1+AW2}
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Robust Stability

Definition

What is robust stability? Given P € P,

m consider some characteristics of the feedback system — e.g.
internal stability

m controller C'(s) is robust with respect to this characteristic if
this characteristic holds for all P € P.
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Robust Stability

Definition

What is robust stability? Given P € P,

m consider some characteristics of the feedback system — e.g.
internal stability

m controller C'(s) is robust with respect to this characteristic if
this characteristic holds for all P € P.

Notion of robustness requires
m controller

m some characteristics — e.g. stability, performance

masetP
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Robust Stability

Definition

What is robust stability? Given P € P,

m consider some characteristics of the feedback system — e.g.
internal stability

m controller C'(s) is robust with respect to this characteristic if
this characteristic holds for all P € P.

Notion of robustness requires
m controller
m some characteristics — e.g. stability, performance

masetP

Another notion for robust stability can be considered
m Given C(s), and P has an associated size
m What is the largest P that C(s) can stabilize?
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Robust Stability

Condition for robust stability

Theorem For multiplicative uncertainty model, C(s) provides
robust stability iff

P, C
1+ PRC
Proof: Based on Nyquist stability criterion, see pg. 53, Feedback Control
Theory, Doyle, Francis, Tannenbaum.

|Wa(jw)To(jw)|leo < 1, where Tp :=
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Robust Stability

Condition for robust stability

Theorem For multiplicative uncertainty model, C(s) provides
robust stability iff

P, C
1+ PRC
Proof: Based on Nyquist stability criterion, see pg. 53, Feedback Control
Theory, Doyle, Francis, Tannenbaum.

|Wa(jw)To(jw)|leo < 1, where Tp :=

Another approach: Use small gain theorem.
Consider following interconnection:

Wa(jw) { A(jw)
+ € u N
r C(jw) F—1 Poljw) Y
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Robust Stability

Condition for robust stability

Without exogenous signals, interconnection is

A(jw)

Wa(jw) =1 Aljw)

+ Cjw) Py(jw) +

=Wy (jw)To(jw)

m Loop gain is A(jw)Wa(jw)To(jw)
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Robust Stability

Condition for robust stability

Without exogenous signals, interconnection is

A(jw)

T Wa(jw) F—{ Ajw)
+ Cljw) 2 Poiw) +

m Loop gain is A(jw)Wa(jw)To(jw)
m Maximum loop gain is therefore ||A(jw)Wa(jw)To(jw)]co

=Wy (jw)To(jw)
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Robust Stability

Condition for robust stability

Without exogenous signals, interconnection is

A(jw)

Wa(jw) — A(jw)
Y u )
j) = — T —Wa(jw)To(jw)

m Loop gain is A(jw)Wa(jw)To(jw)
m Maximum loop gain is therefore ||A(jw)Wa(jw)To(jw)]co
B || A(w)Wa(jw)To(jw)|leo < 1 for allowable A(jw) iff

W2 (jw)To(jw) o < 1.
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Robust Performance
(o] Je]e]e]

Nominal Performance

T Wa(jw) o Ajw) 1
v HO—] i) — Roiw) T y

m Consider tracking performance of controller C(s)

m Can be specified as
W1 (jw)So(jw)lleo < 1,

where
1

T 1+ Py(jw)C(jw)

So(jw)
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Robust Performance
[e]e] le]e]

Robust Performance

T Wa(jw) = AQjw) 1
*ff ° ] c(jw) — (i) T y

Now consider perturbed plant P = (1 + AW2) P,

g L 1
T 1+ PC 1+ (1+ AW)RC

B 1 1 1
T 1+ RC A+ AWLP,C 1+ PyC 1+ AW,y oG

1+PC
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Robust Performance
[e]e]e] o]

Robust Performance

Condition

For robust performance, we require
m Robust stability

[Wa(jw)To(jw)llee < 1.
m Tracking performance

W1 (jw)S(jw)lleo <1,

or

H Wi (jw)So(jw)

: ‘ , <1, VA.
L+ A(jw)Wa(jw)To(jw)

HOO

Quantification AERO 632, Instructor: Raktim Bhattacharya 16 /43



Robust Performance
Q0000

Robust Performance

Condition (contd.)

Theorem A necessary and sufficient condition for robust
performance is

W1 (jw)So(Gw)| + W2 (jw)To(jw)] [leo < 1.

Proof: see pg. 54, Feedback Control Theory, Doyle, Francis,
Tannenbaum.
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MIMO Systems



Robust Stability

Multiplicative uncertainty

For MIMO systems, multiplicative uncertainty is modeled as
P = (I + W1 AW3) Py,
where A, W71, Wy € RH .
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Robust Stability

Multiplicative uncertainty
For MIMO systems, multiplicative uncertainty is modeled as
P = (I + W1 AW3) Py,

where A, W71, Wy € RH .
Lemma: The feedback system with

[A Bl . [Ax Bk
i R et

is well poised iff

I —Dg| . . .
[—D I }, is invertible.
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Robust Stability

Multiplicative uncertainty
For MIMO systems, multiplicative uncertainty is modeled as
P = (I + W1 AW3) Py,

where A, W71, Wy € RH .
Lemma: The feedback system with

[A Bl . [Ax Bk
i R et

is well poised iff

I —Dg| . . .
[—D I }, is invertible.

Well-poised <= Feedback system is physically realizable.
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Unstructured Robust Stability

Multiplicative Uncertainty

Wo = A | W

+? e c u Py
Theorem Closed-loop system is well-poised and internally stable for
all A € RH o with ||Allse < 1iff

O
1\,

W2 (jw)To(jw) Wi (jw)[leo < 1.

Proof: Pg 223, Robust and Optimal Control, Kemin Zhou, John C.
Doyle, Keith Glover.
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Unstructured Robust Performance

H oo Performance

W | A P W

+ e u
ff c P

Keep worst-case energy of z(t) small, over all w(t) of unit energy

O
1\,

Gzl <1, VP € P
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Unstructured Robust Performance

‘H oo Performance (contd.)

A

Keep worst-case energy of z(t) small, over all w(t) of unit energy

[Guszlloo <1, VP EP
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MIMO Case
00000e

Unstructured Robust Performance

‘H oo Performance (contd.)

wy(t) Zu(t) TD’ u
— A(s) f—
wyt) I 2p(t)

u(t) y(t)
z.
Keep worst-case energy of z(t) := { “} small,
2
2

over all w(t) := {w"] of unit energy
Wp

|Guwszlloe <1, VP €P

A(s) is a full-block transfer matrix of size n,, X n.,
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LFT Based Uncertainty Modeling
0O@000000000000000000

Linear Fractional Transformation

m Let I': C — C of the form

a+ bs

F(s) = c+ds’

where a, b, c,d € C is called a linear fractional transformation
(LFT).
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Linear Fractional Transformation

m Let I': C — C of the form

a+ bs
c+ds’

F(s) =

where a, b, c,d € C is called a linear fractional transformation
(LFT).

m In particular, when ¢ # 0, F'(s) can be written as
F(s)=a+ Bs(1—vys)™L,

for some «, B,y € C.
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Linear Fractional Transformation

m Let I': C — C of the form

a+ bs
c+ds’

F(s) =

where a, b, c,d € C is called a linear fractional transformation
(LFT).

m In particular, when ¢ # 0, F'(s) can be written as
F(s)=a+ Bs(1—vys)™L,
for some «, B,y € C.

m Can be generalized to complex matrices.

ty Quantification

AERO 632, Instructor: Raktim Bhattacharya 25 /43



LFT Based Uncertainty Modeling
000000000000 00000000

Linear Fractional Transformation

Matrix Generalization

Let M be a complex matrix partitioned as

My M12:| (p1+p2) % (q1+2)
M — c CPrtp2)x(a1+a2)
{le Mso

Lower LFT with A; is a map

Fu(M, D)) == Myy + Moy (I — Mag )" Moy,

provided (I — Moy ;)™ exists.

AERO 632, Instructor: Raktim Bhattacharya
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Linear Fractional Transformation

Matrix Generalization

Let M be a complex matrix partitioned as

My Mo

M =
{le Mso

} c CPitp2)x(a1+g2)

Lower LFT with A; is a map
Fi(M,A)) := My + Mya Ay (I — MagA)) ™ Moy,

provided (I — Moy ;)™ exists.
Upper LFT with A, is a map

Fu(M,Ay) := Moy + Moy Ay (I — My Ay) ™! Mo,

provided (I — MllAu)fl exists.
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Block Diagram Representation

Fi(M,Ar) = G2 Fu(M, Ay) = Guysz
) U Y2
o M . Au
U1 y1
w 2
A 2 M ’

z1| _ [Mun Mig| jwn [?ﬂ} _ |:M11 M12:| {uz}
Y1 Moy Maa| |ug 29 Moy Maa| |wo

ur = Ay uz = Ay Y2
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000080000000 00000000
.
Properties of LFT

Property 1 For compatible matrices A, B, C, D, ), with C

invertible,
Fi(M,Q) = (A+ BQ)(C+DQ)™",
Fi(N,Q) = (C+ QD) "(A+@B),
where
AC~! B—AC D
M_|:Cl —_c-1p ]7
C'4 ct
N= [B —DpClA —DC‘l] '

m The converse also holds if M satisfies some conditions
m A, B,C,D are derived from M

antification AERO 632, Instructor: Raktim Bhattacharya 28 /43



Properties of LFT
Property 2: Equivalence
Fu(M,A) = F (N, A)

with

| | A

ne I 0 M12 M11
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Properties of LFT
Property 2: Equivalence

fu(M7A):}—l(N7A)

N — O I||My Mpgo| |0 I| [My My
I O |[Myr M22| [I 0| |Mia M|~
Property 3: Inverse Suppose F,, (M, A) is square and well-defined

and Mo is nonsingular. Then the inverse of F, (M, A) exists and
is also an LFT w.r.t A, i.e.

with

Fu(M,A)"' = F,(N,A),
where . .
_ M = MyaMyy Moy =My My,
My,' Moy My

N

antification AERO 632, Instructor: Raktim Bhattacharya 29 /43



Properties of LFT
Addition
‘Fu(MaAl)—'_‘Fu(Q)AZ) :fu(NvA)a

where

My 0 Mo
A 0
N=|0 Qn Q12 ; AZ[Ol A]'
M1 Q21 Moo + Q22 2
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000000800000 00000000
.
Properties of LFT

Addition
‘Fu(MuAl)—i_fu(Q)AZ):Fu(NvA)a

where

My 0 Mo
A 0
N=|0 Qn Q12 ; A= [01 A2:|
M1 Q21 Moo + Q22
Product
-Fu(MvAl)}—U(Q7A2) =Fu (NvA)a
where

N=1|0 My Q12
M1 MaaQo1  MaaQa2

AERO 632, Instructor: Raktim Bhattacharya 30/43
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.
Properties of LFT

LFT of LFTs

Ll Fu(G.A) B Fi (]:u (G: Al) s Fu (Qa A2)) )
=Fu (F1 (G, Fu (Q,A2)) , A1),
=Fu (N, A).
Fu(Q,Ag)

A B, By
G=|C1 D11 D2

C2 D21 D22

A+ B2Q22L1C2 B2L2Q21 B1 4+ B2Q22L1 D21
N = Qi12L1C2 Q11+ Qi12L1D22Q21 Qi2L1D21
C1 + D12L2Q22C2 Di2L2Q21 D11+ D12Q22L1 D2y

where

_ — A 0
Ly = (I — D23Q22) ', Lo = (I — Qa2D22) ', and A = [ 01 Az} .
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.
Properties of LFT

LFT of LFTs
Ll Fu(G.A) B Fi (]:u (G: Al) s Fu (Qa A2)) )
=Fu (F1 (G, Fu (Q,A2)) , A1),
=Fu (N, A).
Fu(Q,Ag)

If open-loop system parameters are LFTs of some variable,
m closed-loop system parameters are LFTs of the same variable

m useful for perturbation analysis and building interconnections
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Examples of LFTs

Polynomials

Let
p(d) =ag+ a1 + a252 + ot ay ot

It can be verified that

with
aq ‘ al Ap—1 QAn,
1 0 0 0
0 1 0 0
M =
0 0 1 0

m every polynomial can be written in LFT form

m can be extended to multi-variate polynomials
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Examples of LFTs

State-Space Realizations

Dynamical system
= Ax + bu,y = Cx + Du,

has transfer function

G(s) = D+ C(sT — A)'B = F, ([é g] , i]) .

Compare with

Fu(M,Ay) = Moy 4+ Mo Ay (I — My Ay)™" Mo
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Parametric Uncertainty

Mass Spring Damper System
Consider the dynamical system

. c . k F
r+ —xr+ —r=—.
m m m

The system has parametric uncertainty in m, ¢, k modeled as

multiplicative uncertainty

m = mo(l+0.16,,), 10% off nominal
c=co(l+0.24.), 20% off nominal
k= ko(1+ 0.36), 30% off nominal .
Write % as an LFT
1 1 1 0.1

i:—zi—iml -1m_1: M’m’
= O = m06(+05) F1 (M, 0m)
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Parametric Uncertainty
Mass Spring Damper System

Write % as an LFT

1 1 1

_ 101 L
m T e 018, my gt H010m) T = Fi(My,0m),

where

1 _01
My = [mo m“] .

Rest ¢, k are linear in d., 0,,.
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Parametric Uncertainty

Mass Spring Damper System

Block Diagram Representation

o 3 1
s s mo(140.10,,) @ F

co(1+0.26,) ‘><+>

Ko(1 + 0.38;)
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Parametric Uncertainty

Mass Spring Damper System
Representation with A Blocks

1 T 1 ks
1 S o M +
s s 1 \ J

Ym [ Um
o"l

o (1)

ko O—

Yk [ Uk

Quantification AERO 632, Instructor: Raktim Bhattacharya 38/43




Parametric Uncertainty

Mass Spring Damper System

In state-space form

R 0 1 0 0 0 0 1

. k ¢ 1 1 1 0.1 €2

2 “mg  Tmg | “mg “mg g “me | | p

ye| = | 03ko 0 0 0 0 0 e

Ye 0 02| 0 0 0 0 u"'

| Ym | —koy  —co | 1 -1 -1 -01 ¢
L Um |

[, ] Yk o, 0 0

Ue | =A | ye|, andA =0 . O

| Um | Ym 0 0 5m
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Parametric Uncertainty
Mass Spring Damper System

In LFT form, we can write this as

i 1
[.l}zﬂ(M,A) s |
T2

F
where

0 1 0 0 0 0
ko _ ¢ 1 |_1 _ 1 _01
mq mq mo mo mo mo

M = 0.3 0 0 0 0 0

0 0.2¢cg O 0 0 0
—ky —co 1 -1 -1 -0.1
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Parametric Uncertainty

General Affine State-Space Uncertainty

Consider a linear system parameterized by k parameters

k k

A= Ao+ 6, B:=By+ Y 6B
zzl Z:kl

C .= C[‘_)"‘Z&L'Ci, D .= DO"‘ZéiDi
i=1 i=1

where 6; € [—1,1] represents the i*" uncertainty.
Transfer matrix is therefore

1
G(S(S) = fu <M5,SI> s

where

M;s == [é IB;] . Write My in LFT form
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Parametric Uncertainty

General Affine State-Space Uncertainty (contd.)

Az‘ Bi
b= [CZ- DJ

Define matrix P; as

Let ¢; be the rank of P;.
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Parametric Uncertainty

General Affine State-Space Uncertainty (contd.)

Az‘ Bi
b= [CZ- DJ

Define matrix P; as

Let ¢; be the rank of P;.

Then
L1 [R1"
r= ] 7]

where L; € R"¥% W, € RWw*% R, € RV TY; € RMuXd,
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Parametric Uncertainty

General Affine State-Space Uncertainty (contd.)

Define matrix P; as
Az‘ B;
b= [CZ- DJ

Let ¢; be the rank of P;.

L;1 [R1"
r=lw] 2]

where L; € R"*% W, € R™*% R, € R"*% W, € R"*%,
Therefore

Then

5P = [VLV] (6:1) [J;] N
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Parametric Uncertainty

General Affine State-Space Uncertainty (contd.)

Mg can be written as

511q, R}  Z}
My = [& Bl+[ &2 VLV':J{ H }
— Splqd LRL  Zf
My M2
A Mo
or
- My, Mis
Therefore
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