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Unstructured Uncertainty in Models
Block Diagram Representation

P := P : P = (1 +∆W2)P0
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ū d̄

+

ē
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Unstructured Uncertainty in Models
Wu represents percentage error

P
P = (1 +∆W2)P0,

P − P0

P0
= ∆W2.

∥∆(jω)∥∞ < 1

∣∣∣∣
P (jω)− P0(jω)

P0(jω)

∣∣∣∣ ≤ |W2(jω)|, ∀ω.
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Unstructured Uncertainty in Models
How to get Wu

Wu P
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Unstructured Uncertainty in Models
Disk Uncertainty

Advantages

Disadvantages

Other forms of unstructured uncertainty
P = {P : P = P0 +∆W2}

P = {P : P =
P0

1 +∆W2P0
}

P = {P : P =
P0

1 +∆W2
}
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Definition

What is robust stability? P ∈ P
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Robust Stability
Condition for robust stability

Theorem C(s)

∥W2(jω)T0(jω)∥∞ < 1, T0 :=
P0C

1 + P0C
.

Proof:



Robust Stability
Condition for robust stability

Theorem C(s)

∥W2(jω)T0(jω)∥∞ < 1, T0 :=
P0C

1 + P0C
.

Proof:

+ C(j!) P0(j!)

W2(j!) �(j!)

+r

+ e u

y

�

4



Robust Stability
Condition for robust stability
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Robust Performance



Nominal Performance
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C(s)

∥W1(jω)S0(jω)∥∞ < 1,

S0(jω) =
1

1 + P0(jω)C(jω)
.



Robust Performance
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P = (1 +∆W2)P0

S :=
1

1 + PC
=

1

1 + (1 +∆W2)P0C

=
1

1 + P0C +∆W2P0C
=

1

1 + P0C

1

1 +∆W2
P0C

1+P0C

=
S0

1 +∆W2T0
.



Robust Performance
Condition

∥W2(jω)T0(jω)∥∞ < 1.

∥W1(jω)S(jω)∥∞ < 1,

∥∥∥∥
W1(jω)S0(jω)

1 +∆(jω)W2(jω)T0(jω)

∥∥∥∥
∞

< 1, ∀∆.



Robust Performance
Condition (contd.)

Theorem

∥ |W1(jω)S0(jω)|+ |W2(jω)T0(jω)| ∥∞ < 1.

Proof:



MIMO Systems



Robust Stability
Multiplicative uncertainty

P := (I +W1∆W2)P0,

∆,W1,W2 ∈ RH∞

Lemma:

P =

[
A B
C D

]
, K =

[
AK BK

CK DK

]
,

[
I −DK

−D I

]
,
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Unstructured Robust Stability
Multiplicative Uncertainty
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Theorem
∆ ∈ RH∞ ∥∆∥∞ < 1

∥W2(jω)T0(jω)W1(jω)∥∞ ≤ 1.

Proof:



Unstructured Robust Performance
H∞ Performance
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Unstructured Robust Performance
H∞ Performance (contd.)
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Unstructured Robust Performance
H∞ Performance (contd.)
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z(t) :=

[
zu
zp

]

w(t) :=

[
wu

wp

]

∥Gw→z∥∞ ≤ 1, ∀P ∈ P
∆(s) nwu × nzu





Linear Fractional
Transformation



Linear Fractional Transformation
F : C → C

F (s) =
a+ bs

c+ ds
,

a, b, c, d ∈ C

c ̸= 0 F (s)

F (s) = α+ βs(1− γs)−1,

α,β, γ ∈ C
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Linear Fractional Transformation
Matrix Generalization

M

M =

[
M11 M12

M21 M22

]
∈ C(p1+p2)×(q1+q2).

Lower LFT with ∆l

Fl(M,∆l) := M11 +M12∆l (I −M22∆l)
−1M21,

(I −M22∆l)
−1

Upper LFT with ∆u

Fu(M,∆u) := M22 +M21∆u (I −M11∆u)
−1M12,

(I −M11∆u)
−1
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Block Diagram Representation
Fl(M,∆l) = Gw1→z1

M

�u

w2 z2

y2u2

M

�l

w1 z1

y1u1

9

[
z1
y1

]
=

[
M11 M12

M21 M22

] [
w1

u1

]

u1 = ∆l y1

Fu(M,∆u) = Gw2→z2

M

�u

w2 z2

y2u2

M

�l

w1 z1

y1u1
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[
y2
z2

]
=

[
M11 M12

M21 M22

] [
u2
w2

]

u2 = ∆u y2



Properties of LFT
Property 1 A,B,C,D,Q C

Fl (M,Q) = (A+BQ)(C +DQ)−1,

Fl (N,Q) = (C +QD)−1(A+QB),

M =

[
AC−1 B −AC−1D
C−1 −C−1D

]
,

N =

[
C−1A C−1

B −DC−1A −DC−1

]
.

M

A,B,C,D M



Properties of LFT
Property 2: Equivalence

Fu (M,∆) = Fl (N,∆)

N =

[
0 I
I 0

] [
M11 M12

M21 M22

] [
0 I
I 0

]
=

[
M22 M21

M12 M11

]
.

Property 3: Inverse Fu (M,∆)
M22 Fu (M,∆)

∆

Fu (M,∆)−1 = Fu (N,∆) ,

N =

[
M11 −M12M

−1
22 M21 −M12M

−1
22

M−1
22 M21 M−1

22

]
.
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Properties of LFT
Addition

Fu (M,∆1) + Fu (Q,∆2) = Fu (N,∆) ,

N =

⎡

⎣
M11 0 M12

0 Q11 Q12

M21 Q21 M22 +Q22

⎤

⎦ , ∆ =

[
∆1 0
0 ∆2

]
.

Product
Fu (M,∆1)Fu (Q,∆2) = Fu (N,∆) ,

N =

⎡

⎣
M11 M12Q21 M12Q22

0 M11 Q12

M21 M22Q21 M22Q22

⎤

⎦ , ∆ =

[
∆1 0
0 ∆2

]
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Properties of LFT
LFT of LFTs

Fu(G,�1)

Fu(Q,�2)

w z

10

Fl (Fu (G,∆1) ,Fu (Q,∆2)) ,

=Fu (Fl (G,Fu (Q,∆2)) ,∆1) ,

=Fu (N,∆) .

G =

⎡

⎣
A B1 B2
C1 D11 D12
C2 D21 D22

⎤

⎦

N =

⎡

⎣
A + B2Q22L1C2 B2L2Q21 B1 + B2Q22L1D21

Q12L1C2 Q11 + Q12L1D22Q21 Q12L1D21
C1 + D12L2Q22C2 D12L2Q21 D11 + D12Q22L1D21

⎤

⎦ ,

L1 = (I − D22Q22)
−1, L2 = (I − Q22D22)

−1, ∆ =

[
∆1 0
0 ∆2

]
.
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Examples of LFTs
Polynomials

p(δ) = a0 + a1δ + a2δ
2 + · · ·+ anδ

n.

p(δ) = Fl (M, δIn) ,

M =

⎡

⎢⎢⎢⎢⎢⎢⎣

a0 a1 · · · an−1 an
1 0 · · · 0 0
0 1 · · · 0 0

0 0 · · · 1 0

⎤

⎥⎥⎥⎥⎥⎥⎦
.



Examples of LFTs
State-Space Realizations

ẋ = Ax+ bu, y = Cx+Du,

G(s) = D + C(sI −A)−1B = Fu

([
A B
C D

]
,
1

s
I

)
.

Fu(M,∆u) := M22 +M21∆u (I −M11∆u)
−1M12.



Parametric Uncertainty
Mass Spring Damper System

ẍ+
c

m
ẋ+

k

m
x =

F

m
.

m, c, k

m = m0(1 + 0.1δm), 10

c = c0(1 + 0.2δc), 20

k = k0(1 + 0.3δk), 30 .

1
m

1

m
=

1

m0(1 + 0.1δm)
=

1

m0
− 0.1

m0
δm(1 + 0.1δm)−1 = Fl (M, δm) ,



Parametric Uncertainty
Mass Spring Damper System

1
m

1

m
=

1

m0(1 + 0.1δm)
=

1

m0
− 0.1

m0
δm(1+0.1δm)−1 = Fl (M1, δm) ,

M1 =

[ 1
m0

− 0.1
m0

1 −0.1

]
.

c, k δc, δm



Parametric Uncertainty
Mass Spring Damper System

Block Diagram Representation

+1
m0(1+0.1�m)

1
s

1
s

c0(1 + 0.2�c)

k0(1 + 0.3�k)

+

F

ẍẋ

�
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Parametric Uncertainty
Mass Spring Damper System

Representation with ∆ Blocks

+
M1

1
s

1
s

c0

k0

0.3 �k

0.2 �c

�m

+

umym

F

ẍẋ

ukyk

�

ucyc
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Parametric Uncertainty
Mass Spring Damper System

⎡

⎢⎢⎢⎢⎣

ẋ1
ẋ2
yk
yc
ym

⎤

⎥⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎢⎣

0 1 0 0 0 0
− k0

m0
− c0

m0
− 1

m0
− 1

m0
− 1

m0
− 0.1

m0

0.3k0 0 0 0 0 0
0 0.2c0 0 0 0 0

−k0 −c0 1 −1 −1 −0.1

⎤

⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎣

x1
x2
F
uk
uc
um

⎤

⎥⎥⎥⎥⎥⎥⎦
,

⎡

⎣
uk
uc
um

⎤

⎦ = ∆

⎡

⎣
yk
yc
ym

⎤

⎦ , ∆ =

⎡

⎣
δk 0 0
0 δc 0
0 0 δm

⎤

⎦ .



Parametric Uncertainty
Mass Spring Damper System

[
ẋ1
ẋ2

]
= Fl (M,∆)

⎡

⎣
x1
x2
F

⎤

⎦ ,

M =

⎡

⎢⎢⎢⎢⎣

0 1 0 0 0 0
− k0

m0
− c0

m0

1
m0

− 1
m0

− 1
m0

− 0.1
m0

0.3 0 0 0 0 0
0 0.2c0 0 0 0 0

−k0 −c0 1 −1 −1 −0.1

⎤

⎥⎥⎥⎥⎦
.



Parametric Uncertainty
General Affine State-Space Uncertainty

k

A := A0 +
k∑

i=1

δiAi, B := B0 +
k∑

i=1

δiBi

C := C0 +
k∑

i=1

δiCi, D := D0 +
k∑

i=1

δiDi

δi ∈ [−1, 1] i

Gδ(s) = Fu

(
Mδ,

1

s
I

)
,

Mδ :=

[
A B
C D

]
. Mδ



Parametric Uncertainty
General Affine State-Space Uncertainty (contd.)

Pi

Pi =

[
Ai Bi

Ci Di.

]

qi Pi

Pi =

[
Li

Wi

] [
Ri

Zi

]∗
,

Li ∈ Rn×qi ,Wi ∈ Rny×qi , Ri ∈ Rn×qi ,Wi ∈ Rnu×qi

δiPi =

[
Li

Wi

]
(δiI)

[
Ri

Zi

]∗
.



Parametric Uncertainty
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Parametric Uncertainty
General Affine State-Space Uncertainty (contd.)
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Parametric Uncertainty
General Affine State-Space Uncertainty (contd.)

Mδ

Mδ =
[
A B
C D

]

︸ ︷︷ ︸

M11

+
[
L1 L2 · · · Lk
W1 W2 · · · Wk

]

︸ ︷︷ ︸

M12

⎡

⎢⎢⎣

δ1Iq1

δkIqk

⎤

⎥⎥⎦

︸ ︷︷ ︸

∆

⎡

⎢⎢⎣

R∗
1 Z∗

1

R∗
k Z∗

k

⎤

⎥⎥⎦

︸ ︷︷ ︸

M21

Mδ = Fl

([
M11 M12

M21 0

]
,∆

)
.

Gδ(s) = Fu

(
Fl

([
M11 M12

M21 0

]
,∆

)
,
1

s
I

)
.
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